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Using the theorem for differentiation under the integral sign show that
for x ≥ 0 ∫ 1
0
tx − 1
ln t
dt = ln(1 + x)
Hint: Recall that
d
dx
(tx) =
d
dx
(eln t
x
) · · ·
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Using the theorem for differentiation under the integral sign show that
for x ≥ 0 ∫ 1
0
tx − 1
ln t
dt = ln(1 + x)
Hint: Recall that
d
dx
(tx) =
d
dx
(eln t
x
) · · ·
Put f(x, t) =
tx − 1
ln t
. Recalling the hint we see that
fx(x, t) =
ln t · tx
ln t
= tx
And since we are integrating for t ∈ [0, 1] this means that |fx| < 1
allowing the derivation under the integral sign.
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Thus we have
d
dx
∫ 1
0
tx − 1
ln t
dt =
∫ 1
0
txdt =
[
t1+x
1 + x
]t=1
t=0
=
1
1 + x
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Thus we have
d
dx
∫ 1
0
tx − 1
ln t
dt =
∫ 1
0
txdt =
[
t1+x
1 + x
]t=1
t=0
=
1
1 + x
Integrating with respect to x we find∫ 1
0
tx − 1
ln t
dt = ln(1 + x) + c
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Thus we have
d
dx
∫ 1
0
tx − 1
ln t
dt =
∫ 1
0
txdt =
[
t1+x
1 + x
]t=1
t=0
=
1
1 + x
Integrating with respect to x we find∫ 1
0
tx − 1
ln t
dt = ln(1 + x) + c
Eventually to detect the integration constant c it is enough take x = 0
0 =
∫ 1
0
t0 − 1
ln t
dt = ln(1) + c =⇒ c = 0
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Thus we have
d
dx
∫ 1
0
tx − 1
ln t
dt =
∫ 1
0
txdt =
[
t1+x
1 + x
]t=1
t=0
=
1
1 + x
Integrating with respect to x we find∫ 1
0
tx − 1
ln t
dt = ln(1 + x) + c
Eventually to detect the integration constant c it is enough take x = 0
0 =
∫ 1
0
t0 − 1
ln t
dt = ln(1) + c =⇒ c = 0
Conclusion ∫ 1
0
tx − 1
ln t
dt = ln(1 + x)
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Integrali doppi
Se A ⊂ R2 e x ∈ R, la sezione di piede x di A e` il sottoinsieme Ax di
R:
Ax := {y ∈ R | (x, y) ∈ A}
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Integrali doppi
Se A ⊂ R2 e x ∈ R, la sezione di piede x di A e` il sottoinsieme Ax di
R:
Ax := {y ∈ R | (x, y) ∈ A}
Se y ∈ R la sezione di piede y di A e`:
Ay := {x ∈ R | (x, y) ∈ A}
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Section’s Theorem
Let A ⊂ R2 measurable. Then if x ∈ R, section Ax is a.e. measurable.
Moreover x 7→ m(Ax) is a measurable function and
m(A) =
∫
R
m(Ax)dx
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Area del cerchio A = {(x, y) | x2 + y2 ≤ 1}
x
Ax
x
y
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Area del cerchio A = {(x, y) | x2 + y2 ≤ 1}
x
Ax
x
y
Ax =
[−√1− x2,√1− x2]
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Area del cerchio A = {(x, y) | x2 + y2 ≤ 1}
x
Ax
x
y
Ax =
[−√1− x2,√1− x2] =⇒ m(A) = ∫ 1
−1
m(Ax)dx
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quindi
m(A) = 2
∫ 1
−1
√
1− x2dx = 4
∫ 1
0
√
1− x2dx = 4pi
4
= pi
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Teorema di Fubini G. Fubini: “Il teorema di riduzione per gli
integrali doppi” Rend. Sem. Mat. Torino, vo1.9, 1949.
Sia A ⊂ R2 misurabile e sia f ∈ L(A). Sia S il sottoinsieme di R dove
le y-sezioni di A hanno misura positiva
S = {x ∈ R | m(Ax) > 0}
Allora ∫
A
f(x, y)dxdy =
∫
S
(∫
Ax
f(x, y)dy
)
dx
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Example. If A =
{
(x, y) ∈ R2 | 0 ≤ x ≤ 1, x2 ≤ y ≤ x+ 1} evalua-
te: ∫∫
A
xy dx dy
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∫∫
A
xy dx dy =
∫ 1
0
(∫ 1+x
x2
xydy
)
dx
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[
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2
]1+x
x2
dx
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∫∫
A
xy dx dy =
∫ 1
0
(∫ 1+x
x2
xydy
)
dx =
∫ 1
0
x
[
y2
2
]1+x
x2
dx∫∫
A
xy dx dy =
1
2
∫ 1
0
(−x5 + x3 + 2x2 + x) dx
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∫∫
A
xy dx dy =
∫ 1
0
(∫ 1+x
x2
xydy
)
dx =
∫ 1
0
x
[
y2
2
]1+x
x2
dx∫∫
A
xy dx dy =
1
2
∫ 1
0
(−x5 + x3 + 2x2 + x) dx = 5
8
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Example
Given A =
{
(x, y) ∈ R2 | y ≥ 0, y ≤ −x+ 3, y ≤ 2x+ 3} . Evaluate:∫∫
A
y dx dy
Integration domain: triangle with vertices in (−32 , 0), (3, 0), (0, 3).
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We first integrate in x and then in y :
∫ 3
0
(∫ 3−y
y−3
2
y dx
)
dy
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We first integrate in x and then in y :
∫ 3
0
(∫ 3−y
y−3
2
y dx
)
dy =
∫ 3
0
(
9
2
y − 3
2
y2
)
dy
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We first integrate in x and then in y :
∫ 3
0
(∫ 3−y
y−3
2
y dx
)
dy =
∫ 3
0
(
9
2
y − 3
2
y2
)
dy =
27
4
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Change of variable
Let A an open subset in Rm. ϕ : A→ Rm is a regular mapping if:
(a) ϕ is injective
(b) ϕ has continuous partial derivatives
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Change of variable
Let A an open subset in Rm. ϕ : A→ Rm is a regular mapping if:
(a) ϕ is injective
(b) ϕ has continuous partial derivatives
(c) det Iϕ(x) 6= 0 for any x ∈ A where the Jacobi matrix is
Iϕ(x) = ∂(ϕ1 · · ·ϕn)
∂x1 · · · ∂xn =

. . . ∇ϕ1(x) . . .
. . . ∇ϕ2(x) . . .
. . . . . . . . .
. . . ∇ϕm(x) . . .

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Example Polar Coordinate in the plane
Put A = (0,+∞)× [0, 2pi). ϕ : A→ R2
ϕ(ρ, ϑ) := (ρ cosϑ, ρ sinϑ)
is a regular mapping.
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Example Polar Coordinate in the plane
Put A = (0,+∞)× [0, 2pi). ϕ : A→ R2
ϕ(ρ, ϑ) := (ρ cosϑ, ρ sinϑ)
is a regular mapping. The Jacobi determinant is
|det Iϕ(ρ, ϑ)| =
∣∣∣∣∣∣det
cosϑ −ρ sinϑ
sinϑ ρ cosϑ
∣∣∣∣∣∣ = ρ > 0
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Rotation in the plane
Fix α ∈ (0, 2pi) ϕ : A→ R2
ϕ(x, y) := (x cosα− y sinα, x sinα + y cosα)
is a regular mapping. The Jacobi determinant is 1
